where gi denotes a basis of G". dj* then induces an action G @ DjG -+ Dj+lG. Biju is a multiplication by 2i, where F* acts on Ai F by a module-action A(F)* on A F (see [2] ) and G acts on DjG by dj . Let We want to prove t a criterion of exactness for L,F and S,F. It is useful for this goal to compute the length of these complexes. We have: lengthL,F = ni for n odd = min((n -1)i + dimF, , ni) for n even, length S,F = ni for 71 even, = min((n -1)i + dim F, , ni) for n odd.
RELATIONS BETWEEN L,F, SiF FOR DIFFERENT RESOLUTIONS F OF R-MODULE M
In this Section F' denotes a resolution of M obtained from F by adding a summand R to F,, and Fflwl (fk = f,, @ lR). We are going to show, that the homology modules of L,F and L,F' are isomorphic. For this we need some lemmas. Now for x' = e&y dx' = x, so d(x', 0) = (x, y).
for all free R-modules F of Jinite type, and these isomorphisms are natural with respect to F.
We want to compare the complexes L,F and LiF (the case of S,F' and SiF is analogous). From Lemma 2 we can easily deduce the following key decompositions:
(a) For n even:
where the skew map e is an isomorphism of the jth piece onto the j + 1st (e = &id on each summand L(ao ,..., a,; F) and it maps the jth piece into the j + 1st) and @ d denotes the sum of differentials of L,F. Now we can divide I,$" by L,F. This kills the 0th piece in the first summand, and we see that after division the conditions of Lemma 1 are satisfied. We obtain 
THE EXACTNESS CRITERION FOR L,F AND S,F
We are going to prove the main result of this paper-the exactness criterion for the complexes L,F, S,F. First we restate the basic exactness theorem proved by Buchsbaum and Eisenbud. When SiF is exact then it is a$nite free resolution of S,M.
Proof. We prove only the part (a) of the theorem. The proof of the part (b) is completely analogous.
Without loss of generality we can assume that R is local. We proceed by induction on n:
For n = 1 we have the complexes F: 0 -+ F -+f G and 1
The length of L,F equals i, and L,F is minimal when F is also. From the PeskineSzpiro lemma (Theorem B) we conclude, that depth I,cf) > i. Now assume that depth R < i. We can change the basis in F and G in such a way that f = f' @ 1:F @ R --+ G' @ R "Dividing by R" (Proposition 1) we continue by induction on dim F. For n > 1 we proceed by induction on dim F,, .
(a) n is odd. We have depthI; > ni = length IiF so, assuming depth R < ni (lemma of Peskine-Szpiro) we see, that we can change the basis in F, and Fmml in such a way that fn = f II @ 1: F,, @ R --f F,,-, @ R. Now we can divide by R and the proof is complete.
(b) n is even. We obtain depth 1,(fn) 3 length LiF, so we can divide by R in all localizations Rp depth PR, < length LIF. We proceed by induction on n: n = 1. It suffices to verify exactness of L,F @ Rp (depth PR, < i). But in this caseIr(fr) = R, and after change of basis we can divide by R. Now the induction on dimF, completes the proof. n > 1. Once again we can assume depth R < length LiF, R-local is what guarantees 11( fJ = R. Dividing by R we finish the proof by induction on dimF,, .
COROLLARY. Assume that M is n(i -1) + k-torsion-free (i.e., there exbts an exact sequence Gi-free, of finite type). Then the complexes LiF, SiF are exact and hi M, SiM are k-torsion-free.
THE STRUCTURE THEOREM ON LOWER-ORDER MINORS
As an application of our results we will prove the theorem on minors in finite free resolutions, which was conjectured by Buchsbaum and Eisenbud in [I] and proved for Q-algebras by Lebelt [3] .
LetF: O+F,,-+f~F,,-, ...Fl +fl F,, be a finite free resolution, yk = rank fk . Buchsbaum and Eisenbud have proved the existence of maps a,: R -+ Aor F,-, such that the diagrams are commutative for all k (we use here the canonical isomorphisms Ark+1 Fk g A p* Fk dim Fk -rK+r = yk by Theorem A). is a complex and, cons&red as a right part of a $nite free resolution, it satisfies the conditions of Theorem A.
The existence of the maps clcj is a consequence of the exactness of (by dualization and the universal property of kernel). The sequence is exact, because we can embed it into a long exact sequence by resolving the map A (fk @ l), which is the first map of LjF" where F" denotes the resolution ", O+F,,-+F,-,...F,,+F,. L,F" is exact and its cokernel is 2-torsion-free when cokerf, is (n -k + l)(j -1) + 2-torsion-free, i.e., k -1 >, (n -k + l)( j -1) + 2. This completes the proof of Theorem 2 modulo Lemma 3. . Now we are going to show that the composition is zero We can assume that j = 1. Let x E R be a nonzero divisor, x = a$+l(u). Then xa,( 1) = AZ' fk u so xfku Q ak( 1) = 0. The condition on ranks is verified by , localizing at the set of all nonzero divisors. The proof of Lemma 3 is finished.
